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Abstract. We study the arithmetic of division fields of semistable abelian 
varieties A /q. The Galois group of Q(A[2])/Q is analyzed when the conductor is 
odd and squarefree. The irreducible semistable mod 2 representations of small 
conductor are determined under GRH. These results are used in Paramodular 
abelian varieties of odd conductor, arXiv: 1004.4699i 



1. Introduction 

This note contains results needed in |BK2| and of independent interest. We write 
S for a set of primes, iVg for their product and £ for a prime not in S. If F/Q is 
Galois, Iy{F/Q) denotes the inertia group at a place v of F. 

Definition 1.1 ( [BKT] ). The Galois extension F/Q is {i,Ns)- controlled \i 

i) F/Q is unramified outside S U {t, oo}; 

ii) Iy{F/Q) — {(Jv) is cyclic of order £ for all ramified v not over £; 

iii) Ta(F/Q)" — 1 for all u > — 1) and A over using the upper numbering 
of Serre as in 

We denote by F a finite dimensional vector space over the finite field F of char- 
acteristic £ with q = |F|. Additional structure on V, such as a symplectic pairing 
or Galois action, is often imposed. 



Definition 1.2. Let V be an F[GQ]-module and F = Q{V). The set S of rational 
primes p ^ £ ramified in F/Q comprises the bad primes of V . Declare V semistable 
if F is (£, A5)-controlled and (cr^ — 1)'^{V) = for all v lying over the primes of S. 

Throughout, A/q is a semistable abelian variety with good reduction at £ and 
EndQ^l = is the ring of integers in a totally real number field. If [ is a prime over 
£ in and o/I = F, then V = A[l] is semistable |Gro| IFo] . The conductor of A has 
the form Na — with d = [o Since inertia over each bad prime p is tame, 

(1.3) ordp(A) dimp V/V^ = dimp (cr„ - 1)^. 

In f|21 we use known results on symplectic representations generated by transvec- 
tions to describe Gal(Q(Vl^)/Q) for constituents W oiV with squarefree conductor, 
assuming [ lies over 2. 

A stem field for a Galois extension F/k is an intermediate field K whose Galois 
closure over k is F. If G = Gal(F/fc) acts faithfully and transitively on a set X, 
the fixed field of the stabilizer Gx of any x in A is a stem field. A formula for 
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the discriminant dK/k is given in ^J3] and applied to semistable Galois modules. 
By relating number-theoretic properties of K and -F, certain computations become 
feasible, since K has smaller degree and discriminant than F. 

Suppose E/Qi is a Galois extension of £-adic fields satisfying (|l.lt ii). In ^ 
we find conditions on the ray class conductor of an abelian extension L/E so that 
(|l.li ii) also holds for the Galois closure of L/Qi. The maximal (2, iV)-controlled 
extension for all odd < 79 and for N = 97, is determined in SJU thanks to S}5] 
and Odlyzko's GRH bounds. We also construct a (2, 127)-controlled extension of 
degree 161280 with root discriminant just above the asymptotic Odlyzko bound, 
but finiteness of a maximal one is unknown. 

A finite flat group scheme V over admits a filtration C V" C V° C V with 
connected component V", etale quotient V^* = V/V", multiplicative subscheme V™ 
and biconnected subquotient V*" — V°/V'". Let A be a place over i in F = Q{V) 
and Vx its decomposition group. We denote the corresponding F[2?A]-niodules of 
i^A-valued points by V, V^*, V"^ and V'^, respectively. 

Definition 1.4 ( |BK2j ). ^/q is o-paramodular if dim^ = 2d, with d = [o :Z]. 

Let A be o-paramodular, with o/l ~ F2. When A[(\ is irreducible, estimates for 
the discriminant of a stem field of are obtained in 21 The reducible case 

leads to ray class fields whose conductors are controlled by the results of SjSl This 
information depends on the structure of A[(\ as a group scheme and is used in [BK2] . 

Concluding questions and comments appear in fJZl 

2. Mod 2 REPRESENTATIONS GENERATED BY TRANSVECTIONS 

A transvection on V is an automorphism of the form t{x) = a; -I- ipix) z, with 
■0 : 1/ — F a nonzero linear form and z 7^ in kevip. Assume V admits a non- 
degenerate alternating pairing [ , ] : V xV ^ V preserved by t and let dim V = 2n. 
Then t{x) ^ x + a [z , x]z for some z G V and a G F^ . When a is a square in F, we 
may take a = 1. For x and z in V, define t^^] by 

(2.1) T[^](x) ^ X +[z,x]z. 

Assume that ^ = 2 for the rest of this section, unless otherwise noted. 

A quadratic form 6 on the symplectic space V is called a theta characteristic if 
9{x + y) = 9{x) + 9(jj) + [x, y] for all x, y in V . Theta characteristics form a principal 
homogeneous space over V , with {0 + a){x) = 9{x) + [a, x^ for a in V . We identify 
a with [a, — ] under the Galois isomorphism V ~ HomF(y, F). Elements a in Sp(y) 
act by a{9){x) = 9{a{x)). Then (t{9 + a) = a{9) + a{a) and 

(2.2) T[,]{9)=9+^l + 9{z)z. 

Fix a symplectic basis {ei, . . . , e2n} for V with [e^, Cj] = 1 if |i — j| = n and 
otherwise. Let p{x) — x^ — xhe the Artin-Schreier function. Depending on whether 
or not the Arf invariant Aii{9) = 9{ei)9{ei+n) vanishes in F/p(F), we say 9 is 
even or odd and write for the corresponding orthogonal group. Further, Sp(y) 
acts transitively on the sets &2n of even and odd characteristics and 

(2.3) |e±|-iq"(g"±l). 

Denote the symmetric, alternating, dihedral and cyclic groups by iS„, A,i, Dn, 
Cn respectively. 
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Proposition 2.4 ( |McL| ). //F = F2 and G C SL(V^) is an irreducible subgroup 
generated by transvections , then dim V = 2n with n > 2 and G is 0^(F2), Sp2„(F2) 
or Sm with 2n + l < m < 2n + 2. Also, G has trivial center and is self-normalizing 
in SL{V). 

Proposition 2.5. Let V be a symplectic space of dimension 2n. An irreducible 
subgroup G of Sp{V) generated by transvections is one of the following, with ¥' C F; 

i) dihedral. Dm with m dividing one of |F| ± 1 and n = 1; 

ii) orthogonal, 0^„(F') for n > 2; 

iii) symplectic, Sp2„(F'); 

iv) symmetric, Sm for n > 2 and 2n + 1 < m < 2n + 2. 
Moreover, G has trivial center and is self-normalizing in Sp{V). 

Proof. If V is imprimitive, then V is monomial [Zallj . say V — Ind^^(Vi), witli 
Vi = Fei and [G : Hi] = dimV = 2n. Arrange ttiat G = UgtHi, with gi = 1 and 
Vi = gi{Vi) = Fci, and let tt : G — )• 52,1 by gVi = Since 7r(G) is transitive and 

generated by transpositions, namely the images of the transvections, 7r(G) = S2n- 
For hin H = kervr, we have hei = Xi{h)ci and so the pairing on V satisfies [e^, Cj] = 
[hei,hej] — Xiih)xjih)[ei, ej]. Hence [ei,ej] = or Xi{h)Xj{h) = 1- Because the 
pairing is perfect and 7r(G) is doubly transitive, we must have [ei,ej] ^ and 
Xi{h)xj{h) = 1 for all i ^ j- If n > 2, then Xi{H) — 1 for all i, H — 1 and tt is an 
isomorphism. The stabilizer Hi of Vi is isomorphic to S2n-i and so the character 
Xi '■ Hi ^ F^ is trivial. Since ffi(ei) is a non-trivial fixed point, V is reducible. 
Now combine [HBll Ch. II, §8.27] and p^aSllKM] to get our list. 

If g in Sp2„(F) normalizes G and a is in Gal(F/F'), then g'^g~^ centralizes G. Our 
representations are absolutely irreducible and the center of Sp2„(F) is trivial, so g 
is in Sp2„(F'). To verify that the center is trivial and G = Sm is self- normalizing in 
Sp2„(F2) when m 7^ 6, use the fact that all automorphisms are inner and absolute 
irreducibility. Note that Sq ~ Sp4(F2). The dihedral case is easily checked. See 
|Dye| for the other cases. □ 

Remark 2.6. As to (iv) above, note that Sm acts by permutation on 

Y = {(ai, .., a„) e F™ I ai + • • • + a„ = 0} 

with pairing [(a^), {hi)] = J^^-ih- Let V = Y/{{1, . . . ,1)) 01 V = Y according as 
m is even or odd. Then V is irreducible and transpositions in Sm correspond to 
transvections on V. This action of Sm and that of Galois on J[2] for a hyperelliptic 
Jacobian are compatible. 

Lemma 2.7. Let V be an irreducible ¥[G]-module and let P be the subgroup of 
G generated by transvections. If P is not trivial, then V\p is the direct sum of r 
irreducible ¥[P]-modules Wi and P = Qi ■ ■ ■ Qr 'is a direct product, with = (cr G 
P I cr|vi^. is a transvection and a\Wj — ^ for all j^i).IfV is symplectic, then the Wi 
are symplectic and the sum is orthogonal. 

Proof. Since P is normal, Clifford's theorem applies. Let Wi be an irreducible sub- 
module of Vip, H = {hmG\h{Wi) ~ Wi as P-module} and X = 'EhenHWi). 
Then V — ind^(A) and X\p ~ eWi is isotypic. If G = U^^ gtH is a coset decompo- 
sition with gi = 1, then V]p ~ ®^ eWi with Wi — gi{Wi). For any transvection r, 
we have 1 — dim (r — 1)(V") = e J2i dim (r — l)(Wi). Thus e — I and r is in Qi for 
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a unique index i. Moreover Qi — giQig^^ is normal in P and P = Qi ■ ■ ■ Qr is a 
direct product. 

Now suppose V symplectic and r a transvection in Qi. Then (t — l)Wi = (z) 
with z in WiO Wj- for aU j i, but not in W^. Irreducibihty of Wi imphes that 
C and Wi n W.;^ = 0. Hence Wi is symplectic. □ 

Proposition 2.8. Let V be an irreducible symplectic ¥[GQ]-module with squarefree 
conductor N and let F = Q{V). Let P be the subgroup of G = Gal(i^/Q) generated 
by transvections. If P = G, then G is as in Prop. [^31 

Otherwise, V — vaApW and G c:^ Q I G2, where Q is in the list in Prop. 12.51 
Moreover — and N ~ xin in Z[z], where n generates the conductor ideal of 
W as ¥[GQ(i)]-module. 

Proof. Since ordp„(iV) = 1, any generator of Xv{F/Q) is a transvection. Prop. 
16. 21 shows that the fixed field F^ = Q{i). The restriction V\p is reducible by Lemma 
12.51 and so V is induced. Hence H — P ~ Qi x Q2 and G ~ Qi ; C2 is a wreath 
product, thanks to Lemma l2.7l The conductor formula for an induced module gives 
N = nn, where n € Z[i] is the odd part of the Artin conductor of W, since Q{i) is 
unramified at odd places. □ 

Remark 2.9. In Prop. l^^ if we take F = F2 but do not assume V symplectic, the 
conclusions obtain, with "Prop. 1^31 ' replaced by "Prop, [mi" 

Remark 2.10. The conjugacy class of any involution a in Sp(y) has invariants 
t = rank (cr — 1) and S, with 5 = if [v, {a — l)v] = for all v in V, and 6 = 1 
otherwise, li t = n and a is in 0^„(F), then 6 = 1. If t is odd, then 6 = 1. 

For the last result in this section, £ = 3. 

Proposition 2.11. Let V be an irreducible symplectic W^lGol-module with square- 
free conductor N. Set In = dim^ V.F = Q(V^) and G = Gal(F/Q). Then 

i) G ~ GSP2JF3) or 

ii) n is even, G ~ Sp„(F3) \ G2 and N = nn in 

Proof. An irreducible proper subgroup of SL2n(F3) generated by transvections is 
isomorphic to Sp2„(F3), cf. jKM, . The pairing on V implies that F contains /X3. 
The subgroup P of G generated by all transvections fixes K = and F^ is 

unramified outside 3cxd, so F^ = K hy Lemma 16.21 If V]p is irreducible, then (i) 
holds. If V\p, is reducible, the arguments in the proofs of Lemma [2T7l and Prop. [2^ 
give (ii), with n a generator for the conductor ideal of the F[GQ(^^)]-module W. □ 

3. Discriminants of stem fields 

Let F/k be a Galois extension of number fields with group G. Let T) the decom- 
position group of a fixed prime np oi F and Im the m*^ ramification group (see 
fj5|), with I = Iq the inertia group. For intermediate fields L, set tt^ = irp L. 

Theorem 3.1. Let G act transitively on X. If K is the fixed field of Gx andX„i\X 
is the set of Tm-orbits of X , then 

ord.Jd^/fc) = J2 ^tVi (1^1 - 1^"^^') • 
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Proof, li H — Gx and / is any subgroup of G, then Hgl ^ Ig is a bijection 
between the set of double cosets H\G/I and the set of orbits I\X. Thus, 

(3.2) Yl [I : (in H^)] ^ [G : H], 

Hgl e H\G/I 

where = g^^Hg. Suppose further that J is a normal subgroup of /, so that 
(/ n H3)J = / n H^J is a subgroup of /. For each g € G, we have 

(3.3) HgI = \jHgz,J, 

where Zi runs over a set of representatives for the right cosets I/{I H^)J . The 
isomorphism {I (1 H3)/{J n Hs) c± {I n H3)J/J^ implies that 

^ \inH9\ ~ , [/ : (inH9)j] \inH9\ 

HgIeH\G/I ' ' HgJ eH\G/J ^ ^ ^ ' ' ' 

(34) = y ^ = 

^ [I -J] [I -J] 

HgJ e H\G/J ' ' 

The ramification groups for irp inside H are given by Xm H H and the different 
ideal ^p/k satisfies ord^p(S)^/fe) = X]m=o(l-^"il ~ transitivity of differents, 

oi-d^^CD K/k) = jYp^ord^^(Dx/fe) 

'ord^p (©F/fe) - ord^p {'^f/k)) 



\inH 



m>0 ' ' 

Each prime of K over tt^ has the form g{'T^F) H if, corresponding to a unique 
double coset HgV in H\G/'D. Since the decomposition and inertia groups of 5(77^) 
inside G are g'Dg~^ and glg~^, the ramification and residue degrees of giTTp) H if 
over TTfe are given by 

(3.6) e{HgV) = [I ; (inH^)] and /(iJgl?) = [2? : (2? n 

By conjugation, p. 51) implies that the exponent of giTTp) H K in "Sj^^j^ is 

(3.7) .(ii.P) = E '^"''^'^'-r"' 



m>0 ' ' 



Moreover, 



(3.8) OTd^,{dK/k)= E x{HgV)f{HgV). 

HgV eH\G/V 

In view of p.3p and p.6p . -ff.gl? is the disjoint union of f{Hg'D) distinct elements 
of H\G/I. By d^Hl) and dXT]), we now have 

ord.Jd./,). E x(i/,P)=E E ^^\^^hT'^ - 

Hgl£H\G/I ■m>0 HgI&H\G/I ' ' 
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But ()3.2|) implies that 

^ ^ ^ [I■.{Ir^HS)] _[G:H] _[K: k] 



Hgl G H\G/I ' ' Hgl € H\G/X ^ ' ^ ' ^ ' 

while p.4p with J = I,n gives 

\I„,nHs\ \H\G/Im\ 



E 



lln H9\ [I:I,n] 

HgXeH\G/I ' ' ^ ' 

Substituting the last two identities in the previous double sum proves our claim. □ 

Corollary 3.9. If nk is tame in F, with ramification degree \T{F/k)\ — i prime, 
then ovd^ JdK/k) = (1 - e-^){\X\ - \X^\). 

Proof. Thm. 13.11 implies the claim, since Ii is trivial and there are \X-^\ orbits of 
size 1, while the others have size £. □ 

We now apply these results to semistable Galois modules V of conductor TV. We 
write F = QiV) and G = Gal(F/Q). 

Corollary 3.10. Let t = OTdp(N) > 1 and s = dimpV^. If G acts transitively on 
X = V-{0} andK = F'^- , then ordp(dK/Q) = (1 - ^"^) - 9"^*) • 



Proof. Our claim follows from Cor. 13.91 since diniy^ = s - i by (iril). □ 

Now assume that 1 = 2 and V is symplectic of dimension 2n. Let K be the fixed 
field of Gx: where G acts transitively on X, as below: 
\) G ~ Sm = Sym(X) and V is the representation in Remark [2^ 
ii) X = 63;, or X = 82,1 - {6*0}, with Bq fixed by G. 

Proposition 3.11. Let I„ = (cr) C_ G be an inertia group at v over p \ N. 

i) If G Sm and a is the product of s disjoint transpositions, then OTdp{dx/Q) = 
s and OTdp{N) = min(s, n). 

ii) // G ~ Sp2„(F) or 0^„(F), then ordpidK/q) = - - <5), with S as 
in Remark l2.10l 

Proof, i) Since = m — 2s, we have OTdp{dK/Q) = s by Cor. 13.91 and, by (|1.3I) . 

ordp(iV) = dimp (cr — ^){V) = min(s, n). 

ii) We give a proof for t ~ 1. Thus ct is a transvection and we choose a 
symplectic basis for V as in ^ such that cr = T^^ri]- ^'^^ the even theta characteristic 
9{xi, . . . , X2n) = ^j^n+j, by (12.11) and (12. 2p . we have 

cj{9 + a) = e + a+{l + [a, e„]) e„. 
Thus, cr fixes 9 + a ii and only if [a, e„] = 1. Let V' = (span{e„, e2n})^ and 
^'(y) = Z^jCi VjUn+j- Assume [a, e„] = 1 and write a = y + GnCn + e2„ with y in 
v. In F/p(F), we have 

Arf(6' + a) = Aii{9) + 9{a) = a„ + 9'{y). 
Hence + a is in 82,1 precisely when one the following conditions holds: 

(a) a„ € p(F) and 9'{y) ^ p(F) or (b) a„ ^ p(F) and 9'{y) e p(F). 
If n = 1, only (b) applies, yielding choices of a. li n > 2, y is in p(F) exactly 
when 6*' + y is in Qtn-2- Hence there are |8^„_2| choices of a in case (a) and 
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ig|ej„_2l choices in case (b). But \etn-2\ + l©2n-2l = 1^1 = 9^""^ and so 

Definition 3.12. A semistable Galois module V is ordinary at 2 if it is symplectic 
and a^V = Q, where a is the augmentation ideal in ¥[I\] for any A over 2 in F. 

Let V be the Galois module of a finite flat group scheme V over Z2. Then X\ 
acts trivially on and V^*^. If the biconnected subquotient V'' is trivial then 
(cr - 1)((t' - l)(y) = for aU ct, a' in whence V is ordinary. If V*" ^ 0, then Ia 
is not even a 2-group. 

We next treat the power of 2 in dj^/Q when V is ordinary. 



Liemma 3.13. We have aV C Z CV^^ for some maximal isotropic subspace Z of 
V. If H ^ Gg stabilizes an odd theta characteristic 9, then H H)\ < ^f?". 

Proof Set I = Xa. Since V" and X C Sp(y), we find aF C T/^: ^ 
Thus, oy is contained in a maximal isotropic space Z and, by duality, Z C V^. 

If r is the subgroup of Sp2„ (F) fixing both Z and V/Z pointwise, then we have 
{g — l){g' — i){V) — for all g,g' in F. Hence tpig) = {g — 1)6* defines a homomor- 
phism T V . In the notation of ()2.ip . F is generated by the transvections rr^i with 



z in Z. Since we may identify (rj^j — 1)9 with -y/l + 9{z) z, the homomorphism ^ 
takes values in Z . We next verify the exactness of the sequence 

(3.14) O^Fni/^F^zAF/pF^O. 

Since Z is isotropic, 9 is linear on Z and 9 is surjective because it is odd. Clearly 



z. 



S{ip{T[z])) is in pF. Conversely, \i9{z) ~ a +a and y — {l/^)z, then ^^{^y]) 
This proves exactness around Z and the rest is clear. 

Finally, T C F and therefore C^H)\< |F/(F n = ig". □ 

Proposition 3.15. IfV is ordinary at 2 and G is transitive on or — {^0}, 
then ord2(d/f/Q) < ((?" — 2)(g" — 1 — e), where e — Q or 1, respectively. 

Proof. Since I is a 2-group, Xq = Ii. The definition of the upper numbering (see 
and the bound on wild ramification (|l.ll ii) imply that I2 = 1- By Thm. 13.11 
ord2(dK/Q) = 2(|X| - \I\X\). 

By Lemma [3.131 each I-orbit of X has at most ig" elements and there are at 
least 2|92,J/g" = g" — 1 orbits when e = 0, proving the claim. 

If e = 1, I fixes 6*0. The theta characteristic 9^^ + z \s odd exactly if 9q{z) is in 
pF. By (|3.14p . there are iq" such z € Z, giving at least ig" — 1 orbits of size 1 for 
I acting on X. The number of orbits not accounted for is at least 



1^1 - 



= - 2 



and so \I\X\ > - 1 + (g" - 2) = |g" - 3. Hence our claim. □ 

Proposition 3.16. IfV is ordinary and G is a transitive subgroup of Sm, then 
ord2(dA7Q) < 2[r7i/2j, unless m ~ 4 or 8, when ord2((i_ff/Q) < 3m/2. 

Proof. We find lower bounds for the number of Z-orbits and apply Thm. 13.11 Since 
there is at least one orbit, our claims hold for m < 4. Assume m > 5 and refer 
to the explicit representation (|2.6p . Let yij E Y denote the vector with non-zero 
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entries only in coordinates i and j. Write y G V for the coset of i/ G F when m is 
even and y = y otherwise. 

Suppose distinct letters i,j lie in the same I-orbit. If we can find a permutation 
(T in I such that a{i) = j and cr(fc) = fc, then y^ j = (a — fc) G is fixed by 
I. It follows that T(yi,j) = yi^j for all r in I and so is an I-orbit. 

A larger orbit can exist only if m = 2n + 2 is even and I contains a product of 
n + 1 disjoint transpositions, say 

CT = (l,n + 2)(2,n + 3)---(n + l,2n + 2). 

Treat subscripts modulo 2n + 2, fix fc and consider j ^ {fc, k + n + 1}. Then 

is fixed by I. If m ^ 8, Xj has a unique representative Xj e F with exactly 4 
non-zero entries and so T{xj) = Xj for all t in I. Since 

T{k) e Pi {j, j + n+ l,fc,/e + n+ 1} = {A;,fc + n + 1}, 

J^{/£,/£ + Ji+l} 

{/c, k + n + 1} is an I-orbit and every Z-orbit has 2 elements. If m = 8, the I-orbits 
have size at most 4, giving the weaker bound. □ 

4. Stem field discriminant for Q(A[[]) in a special case 

In this section, A/q is o-paramodular, with good reduction at 2 and V = A[l] 
is irreducible for some prime [ of o with residue field F2. Any o-polarization of 
A has odd degree, since the kernel of the associated isogeny to A intersects A[l] 
trivially and thus V = A[l] is symplectic for the Weil pairing. Let F = Q{V) and 
G = Gal(i^/Q). The elements of V correspond to differences 9i — 9j of the 6 odd 
theta characteristics and we view G as a subgroup of Sq, via its action on 9~. 
Irreducibility of V implies that G has an orbit E C G~ of size 5 or 6. li H — Gg 
stabilizes 9 in E, then = is a stem field for F, with [K : Q] = |E|. 

The following local building blocks will appear. Let E = Q2(/^3, V^) and let X 
be the -module, 2-dimensional over F2 with Q2(^) = E. From the exhaustive 
list |JR1| of 2-adic fields of low degree, or by class field theory, there is a unique 
quartic extension Af/Q2 whose Galois closure L has non-trivial tame ramification, 
necessarily of degree 3. Then M/Q2 is totally ramified, 0Td2{d£j ^q^) — A, L D E 
and Gal(L/Q2) — ^4, with inertia subgroup Ai- 

Proposition 4.1. ord2(dK/Q) < 4 {resp. 6) if [K : Q] = 5 [resp. 6). 

Proof. If V is ordinary at 2, the result follows from Prop. [3T5l or [3TT61 Hence we 
suppose F has non-trivial tame ramification over 2. Among primes over 2 m K, 
choose A with maximal ramification degree e\{K) and consider all possibilities. 

i) ex{K) — 5. Then {2)Ok = or A^A', depending on whether K is quintic or 
sextic, and 0Td2{dK/Q) = 4 by tame theory. 

ii) e\{K) =3. UK is quintic, the worst case occurs when {2)Ok — A'^(A')^ and 
then we have 



ord2(d/f/Q) = ord2((i_ft:;,/Q2) + ord2 (d^:^, /q^ ) ==2 + 2 = 4. 



ARITHMETIC OF DIVISION FIELDS 



9 



Suppose K is sextic. If {2)Ok = {W')^^ or A'^ with residue degree f\{K) — 2, 
we have 0T:d2{dx/q) ~ 4. In the remaining cases, at most one more prime A' 
over 2 ramifies in K, with e\i (K) = 2 and we conclude as for quintics. 

iii) ex{K) = 4. Then the completion Kx = M. If [K : Q] ^ 5, the other prime 
over 2 in X is unramified, but if [if : Q] =6, there may at worst be some A' 
with e\'{K) = 2. Hence 

A ^ ^ / 4 if [if : Q] = 5, 

ord2(dK/Q)< I 4^2 = 6 if[if:Q]=6. 

iv) e^f (A) = 6, so [if : Q] — 6, {2)Ok ~ A® and the inertia group I of A acts 
transitively on . Since a non-zero fixed point for the action of I on 
corresponds to a pair of theta characteristics preserved by I, contradicting 
transitivity, there are none. The tame ramification group I/Ti is a cyclic 
subgroup of Sq whose order is odd and a multiple of 3. Hence = 3. 

Because Ii is a non-trivial 2-group, normal in its decomposition group 
V, the fixed space W = V^^ is a non-zero P-module, properly contained in V. 
Viewed as an I/Ii-module, W is semisimple. But I/Ii has no non-zero fixed 
points on W, as they would be fixed points of I, so dimiy = 2 and Vt^ ~ AT. 

Let V — A[l], viewed as a finite flat group scheme over Z2. The multi- 
plicative component V" cannot have order 4, since I is not a 2-group, nor can 
it have order 2, since I has no non-trivial fixed points. Hence V™ = and V 
is fully biconnected. There is a subgroup scheme W of V with I?-module W, 
and V/W is biconnected, so its I?- module also is isomorphic to X. 

Schoof |Sch| Prop. 6.4] showed that if V is an extension of X by X as a 
P- module, then Q2(l^) is contained in the maximal elementary 2-extension Li 
of E with ray class conductor exponent 2. One checks that Li is an unramified 
central extension of degree 2 over L and the root discriminant of I/1/Q2 is 7/6. 
Since ord2((i/f/Q) is even, we have OTd2{dx/Q) < 6, as claimed. □ 

5. Preserving the Fontaine bound 

Let K'/K be a Galois extension of ^-adic fields with Galois group G. Denote 
the ring of integers of K' by O' and a prime element by A'. Set 

Gn^W eG\ ordx' {ct{x) -x)>n+l for aU x e C}, 

so Go is the inertia group and tx'/K = [Co :Gi] is the degree of tame ramification. 
If [x\ = m, the Herbrand function is given by 

(5.1) (Pk'/k{x) = f-^( |Gi| + • • • + |G„,| + (a; - to)|G™+i| ) 

|Go| 

and is continuous and increasing. In the upper numbering of Serre [Serll IV], 
G™ = Gn, with m = (Pk'/k{''^)- In the numbering of [Foj or |JRlj . this group is 
denoted G^"'+^K Let ^Jk'/k be the inverse of ipn' /k- 

Notation 5.2. Let c — c^i /k be the maximal integer such that Gc 7^ 1. We omit 
the lower field if if = Q^. Let rriK' — ipK'/Qtijzj)- 

Wild ramification in K'/K is equivalent to c^/ > 1. If Gi is not abelian, then 
ck'/k ^ 2, since successive quotients in the ramification filtration are elementary 
abelian ^-groups. By (|5.ip . rriK' is an integer when {£ — 1) divides ix'/Qf 
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Lemma 5.3. Let Ed F, both Galois over K,G^ Ga\{E/K) and H = Ga\{E/F). 
Then 1 ^ 77'^^/^ ^ G"" ^ Gal{F/KY 1 is exact. In addition, 

(5.4) niE > tE/pmp and Ce/k > ^^e/fCf/k- 

Proof. By compatibility with quotients, res is surjective and its kernel is 

since ipE/K — '4'e/f ''Pf/k- Thus the sequence is exact. 

Def. lS.ll implies that tE/F^E/F{z) < z, so "ipE/Fi.^) > ^e/fZ- lix — ^Pf/k{cf/k)^ 
then G^^/j^(a;) = 7^ 1 by surjectivity of res. Hence 

Ce/K > ^E/k{x) = ''Pe/F'<Pf/k{x) = 1pE/FicF/K) > tE/F Cp/K 

and similarly for tue >tE/FiT^F- D 

Definition 5.5. Let F be the Galois closure of K/Qi. We say K is Fontaine if 
Gal{F/(Ji)"- = 1 for all u > or equivalently, cp < "if- 

Lemma 5.6. Let E D F, both Galois overQe, G = Gal{E/Qi) and H = Ga,l{E/F). 

i) Iftp/Qf — £ — 1, then tue > tE/F, with equality when Gq is abelian. 

ii) Let F be Fontaine, with non-trivial wild ramification. Then I < cp < rnp. 
Assume further that tp/Q,, — £ — I. Then cp — mp = 1 and, if E is Fontaine, 
then Cp = rnp. 

Proof, i) Since (^j?/Qj(1) — we have mp ~ 1, so mp > tp/p by (15. 4p . If Go is 
abehan and ^b/q^ does not divide j, then Gj = Gj+i by [Serll IV, §2]. Thus the 
definition gives (pp/Qi,{tE/p) = y^, whence mp = tp/p. 

ii) By Def.[S31 <^f/q^(cf) < = <<5f/Q; (™f)- HencecF<TOF- If^F/Q^ =-^-1, 
then mF = 1, so cf — 1- Surjectivity of res in Lemma 15.31 implies that G*^ 7^ 1. 
If E is Fontaine, it follows that cp = ipE/(Qf (jzj) = ™f- D 

Example 5.7. By class field theory or the table of quartics IJRlj . there is a unique 
Fontaine iS4-extension F/Q2- The ramification subgroups of G = Gal(F/Q2) are 
Go ~ Ai, Gi ~ G| and G2 = 1, so cp = 1, ipp/(^^{x) = (4 + (a: - 1))/12 if a; > 1 and 
mp — 9. Moreover, E = F{i) remains Fontaine, with G — Gal(i?/Q2) — ^4 x G2. 
Lemma \5M i may be used to show that |Go| ~ 24, |Gi| = 8, IG2I = • • • = \Gq\ = 2, 
|Gio| = 1 and cp — mp = 9. Alternatively, E has two stem fields of degree 6 and 
this determines E uniquely in |JRlj . 

Lemma 5.8. Let M/F be abelian, with F/Qg Galois. Then M is Fontaine if and 
only if F is Fontaine and the ray class conductor exponent f{M/F) < lmp\ + 1. 

Proof. If E is the Galois closure of M/Qe, then E/F is abelian and we have 
f{E/F) = f{M/F) = ifip/picp/p) + 1, cf. [SctTI XV, §2]. The exact sequence 
of Lemma 15.31 with K ~ implies our claim. □ 

Remark 5.9. Let E' be a number field with root discriminant gp. Write E for 
the completion of i? at a prime A | £ and e ^ for the absolute ramification degree. 
Suppose E contains F, both Galois over Q, with E Fontaine. Then 

ord.(,F)<l + j^-^^^. 
Indeed, if ^p/n, is the different, then [Serll IV, Prop. 4] and [Kl Prop. 1.3] give 
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OTdiigs) = ^ordA(2)B/Qj = 1 + (^^/q^ (c^) - 

Conclude by Def . ED and . □ 

Because the upper numbering is compatible with quotients, the composition of 
Fontaine fields is Fontaine and there is a maximal field L, such that Gal{F/Qi)" = 1 
for all Galois subfields F finite over and all u > Since F = Qi{fj,g, (1 — i)'^) 
is contained in L, Lemma l5.61 i implies a gap in the upper numbering: 

Gal(L/Q£)7^ 7^ G'Al{L/Qe)-r^+' for e > 0. 

Hajir and Maier |HMj study number field extensions K' / K of hounded depth, 
i.e. with vanishing ramification groups 'Dp{K' / KY for all x > Vp. When there is 
deep wild ramification, the concept of Galois slope content introduced by Jones and 
Roberts |JR1) and used in ,JJ. §1.4], leads to variants of (|5.4p and Remark 1 5. 9 [ not 
required for our applications, thanks to (|l.ll ii). 

6. Using Odlyzko 

We study some maximal {(., A^)-controlled extensions i/Q by means of Odlyzko's 
bounds fOl [Od2l[D^ . If the F[G'Q]-module V is semistable and bad only at 5, 
then Q(t^) is (^, 7V5)-controlled. The converse holds ioi £ = 2 but not for £ odd; 
e.g. if dimF — 2, then Sym^y rarely is semistable. 

By lameness at p | and the bound (|l.lt ii). the root discriminant oi L/Q satisfies 
ql < £'^^'^ N^~T . More precisely: 

(6.1) ordp(£<L) < 1-^"^ forallp|7V and ordiigL) < I + {£ - iy\ 

Proposition 6.2. For £ < 13, the maximal (£, \)-controlled extension L is Q(/i2«). 
Under GRH, the same is true for £ — 17 and 19. 

Proof. For £ odd, QifJ-i) C L and n = [L:Q] is a multiple of £ — 1. From (|6.ip and 
[Od] . we find M in Table [D below such that n < {£ ~ l)M. If ^ = 13, 17, 19, we see 
that M < so L/Q is tame at £ and ql < with a ^ {{£ - l)M)^i. One gets 

a new bound n< {£- 1)M' with M' < 5. If ^ < 11, we have M < 5. In both cases, 
L is abelian over Q{fi2£) and so L = Q{iJ,2£) by class field theory [BKll Lem. 2.2]. 
Use Q{i) C L for £ = 2. □ 



£ 


2 


3 


5 


7 


11 


13 


17 


19 


QL < 


4 


5.197 


7.477 


9.682 


13.981 


16.099 


20.294 


22.377 


M 


2 


3 


3 


3 


5 


7 


8 


10 



Table 1. Odlyzko bounds for (£, l)-controlled fields 



Now suppose L is maximal (2, iV)-controlled, so ql < AN 2 by (|6.ip . If n = [L: Q] 
is finite, jOd| Tables 3,4] provides B, E, depending on a parameter b, such that 
QL > Be--. In Table H below, we find a best bound for n < E / \og{B /AN 2) by 
varying B > AN^, unconditionally for < 21 and under GRH for larger N. 

If V is an irreducible semistable F2[GQ]-modules good outside S and Ns\N, 
then Gal(Q(U)/(Q) factors through G = G/H, where H is the maximal normal 
2-subgroup of G = Gal(L/Q). For odd TV < 79 and TV = 97, we find a subfield 
F oi L containing by composing a solvable extension of Q with a subfield of 
Q(Jo(iV)[2]). Then we use the improvements in ^J5l on the bound (j6.ip for ql, 
together with the Odlyzko tables and Magma [BCPj to control [L:F]. 
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N 


3 


5 


7 


11 


13 


15 


17 


19 


21 


23 


29 


n < 


10 


16 


22 


42 


56 


74 


100 


138 


192 


98 


155 


N 


31 


33 


35 


37 


39 


41 


43 


47 


51 


53 


55 


11 < 


181 


210 


2il 


281 


3:!() 


385 


119 


()15 


852 


1007 


119() 


N 


57 


59 


61 


65 


67 


69 


71 


73 


77 


79 


97 


n < 


1427 


1710 


2061 


3046 


3743 


4638 


5800 


7332 


12042 


15766 


470652 



Table 2. Bounds on n = [L:Q] for (2, Af)-controlled fields L 



Theorem 6.3 (GRH). Let V be semistahle and irreducible over ¥2- If V is had 
exactly over S and N = Ns < 79 or N = 97, the following hold. 

i) No such V exists for N in {3, 5, 7, 13, 15, 17, 21, 33, 39, 41, 55, 57, 65, 77}. 

ii) V is unique and dim V = 2 for N in {11, 19, 23, 29, 31, 35, 37, 43, 51, 53, 61}. 

iii) V is unique for N in {23, 31, 47, 71}. 

iv) V is an irreducible ¥2^-module with G = Dg, D3 XA5, A5, Ds x D5, SL2(F8) 
when N = 59, 67, 73, 79, 97 respectively. 

Remark 6.4. Aside from F2, there arc exactly two irreducible F2[A'5]-niodules, 
both 4-dimensional, occurring as a submodule Vi and quotient module V2 of the 
permutation module. The non-trivial F2[SL2(F8)] -modules have dimensions 6, 8 
and 12. Further, the irreducible modules for Gi x G2 are the tensor products of 

irreducibles for Gi and G2. 

Sketch of Proof. In (i), G is a 2-group, except for 33, 55, 57, 77, when G o± D3 has 
a representation whose conductor, 11 or 19, divides N properly. In (ii), V ~ C'Ar[2] 
for an elliptic curve Cn of conductor N, except that V ~ Jo(29)[\/2] for N = 29. 
In (iii), V is the F2 [i'ft.J-module of dimension h — 1 induced by the Hilbert class 
field over of class number /i = 3, 3, 5, 7 corresponding to A/' = 23, 31, 47, 

71 respectively. 

N = 59 : The two irreducibles are the constituents of Jq (59) [2] , using an equation 
for Xo{59), namely = f{x)g{x) with f = — x^ — x + 2 and 

g = x^ -7x^ + 16a;^ - 21a;^ + 12a;^ - - 9x^ + &x^ - Ax - A. 

The Galois group of g is Dg and a root of / gives a cubic subfield. 

N = 67: Let Vi = Ggrp] and V2 = Jo^(67)[2]. Then Gal(Q(F2)/Q) = SL2(F4) 
and [L:Q(yi,F2,i)] < 2. 

We provide more details for N = 73, 77, 79 and 97. Let E be the maximal abelian 

extension of Q in L. Since G is generated by involutions, £^/Q is the elementary 
2-extension generated by i and as p ranges over S. 

Lemma 6.5. Let M D F be subfields of L containing E and Galois over Q. Set 
T = Gal(M/i^) and assume \ \2 is totally ramified of odd degree t = \T\ > 1 in 
M/F. Then t = 3 and the residue degree fx{E/Q) = 2. 

Proof. Since the image of a : Gal(M/Q) — )■ Aut(T) by conjugation is abelian, E 
contains Mq = and so / = /a(Mo/Q) < fx{E/Q) < 2. Any Frobenius in 

V\{M/Mo) acts trivially on T. Thus 2-^ = 1 (mod t) and the claim ensues. □ 

Remark 6.6. Let M D F he subfields of L containing Q{i, -x/iV) and Galois over 
Q. Denote the residue, ramification and tame degree of A in F/Q by /o, eo and to 
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respectively. Given an a priori bound [M : F] < b, consider possible factorizations 
[M -.F] — 2''tiui, vifhere 2^* is the degree of wild ramification, ti the degree of tame 
ramification and ui = figi the unramifed (inert and split) degree of A in M/F. 
The resulting tame ramification in M/Q requires that the completion M\ contain 
fJ-tgti so 2^°^'^ = 1 (mod to^i)- 

For each s with < s < log2 b, let ti > 1 run through odd integers at most 6/2*. 
Set /3 = {cf ti + 1)/(2* ti Co), as in Remark [53] and let be the Odlyzko bound on 
[AI:Q] when qm < 2^-1^ VlV. Then 1 < gi < np/{2Hifi [F:Q]). Values of s,ti,/i 
not satisfying the congruence and inequality above are ruled out. 

Let El be the maximal subfield of L abelian over E. By Lemmas I5.6i i and 15.81 
the ray class conductor of Ei/E divides (1 + i)'^OE- Then class field theory or 
Magma gives Table [3] below. 



N 


Gal{Ei/E) 




hiEi/Q) 


gx{Ei/Q) 


73 




4 


2 


2 


77 


Cs 


6 


2 


4 


79 


Cl5 


2 


5 


6 


97 


Ci 


4 


2 


2 


Table 3. Decomposition type of A 


2 in El 



N = 73: The Jacobian Jo^(73) has RM by Q(\/5) and the Galois group of its 
2-division field K is SL2(F4) ~ A5. For the 5 primes over 2 in K, f\iK/Q) = 3 
and Frobenius acts irreducibly on I\{K/Q) ~ C|. Since Frobenius is reducible 
on Xx{Ei/Q) ~ C|, we have IxiF/Q) ~ C| for the compositum F ^ EiK, thus 
[i^:Q] = 960. By Tabled [L:Q] = 960r < 7332, so r < 7. Lemma implies the 
tame degree tx{L/F) = 1, so ex{L/F) divides 4. Finally, [L:F] divides 4 by (p?^ . 

N = 77: In the ^g-field = Q( Jo(ll)[2]) = Q{y/^,e), with 9^-20^ + 2^ 0, 
the decomposition type over 2 is ba = 3, f\ = 2, g\ ~ 1. E K ~ E{9) — Ko{i, \/^), 
then Gcd{K/Q) ~ C2 x C2 x ^3 and Ix{K/Q) ~ Cg, so to/^ = 3 by ([El). If F is 
the maximal subfield of L abelian over K, the ray class conductor of F/K divides 
(1 + i)^OK = 40^ by Lemma [Ell Then Gal{F/K) ~ C2 x C2 x C4 and the 
decomposition type of 2 is ex{F/Q) = 48, fx{F/Q) = 2 and gx{F/Q) = 4. 

A group of order 3 • 2" admits a unique quotient isomorphic to C3 or 53. If 
[I/:iiro] =3-2", there is a C3 or iSs extension of Kq. The latter provides a central 
quadratic Mq/Kq, with Mq/Q Galois and Gal(Mo/Q) ~ De- In both cases, we find 
that Gal{MoK/K) ~ C3, contradicting [F:K]^ 16. 

We claim that Gal(L/F) is a 2-group. If not, since [L : F] < 31 from Table [2] 
and [L:F] 7^ 3 • 2°, the wild ramification degree \Ix{L/F)i\ divides 4. Example 15. 71 
and (|5.4p imply that Ix{F/Q)q 7^ 1. Use Remark [^21 with Ci;- > 9 to show that the 
only remaining case is [L:F] = 10, with tame degree tx{L/F) = 5 and wild degree 
2. It is precluded by Lemma [6.51 

Thus the kernel of the surjection G A Gal(Q(Jo(ll)[2])/Q) ~ ^3 is a 2-group 
and irreducible representations V oi G factor through Imager;, of conductor 11, so 
there is no V of conductor 77. 

N = 79: The strict class fields of Q{^/±79) have respective orders 3 and 5 
and so Ei — H^H^ . Let be the maximal subfields of L abelian respectively 
over H'^{i). Since ex{H'^{i)/Q) — 2, the ray class conductors of K'^/H^{i) divide 
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(1 + i)'^OH±{i} by Lemma \5M Magma provides the following information. 

Gid{K+/H+{i)) ~ C| X C3, with ex = 2, fx = 2, gx = 3. 
Gal(if-/i^-(^)) ~ Cl X C5, with ex = 16, A = 5, gx = 1. 

If Gal(£'i/i?) — (t), then and act trivially on and respectively. 
Hence r is trivial on K+ n and (iir+ n K^)/E is abehan. Since K+ n if" 
contains equality holds by maximality of Ei. For F — K'^K^, we therefore 
have [F : Ei] = 2^ [F : Q] = 3840 and [L : Q] = 3840r, with r < 3. Because 
Frobenius acts irreducibly on Tx{K^ / Ei) ~ C2 but trivially on Xx{K^ / Ei) ~ C2, 
we see that Ix{F/Ei) ~ C| and eA(F/Q) = 64. By Lemma EH tx{L/F) = 1, so 
[L : F] < 2 by (Ell). Thus the kernel of G ^ Gal(i7+/Q) x Gal(i/-/Q) -D^xD^ 
is a 2-group. 

N = 97: There is a subficld if of Q(Jo(97)[2]) with Gal(ii:/Q) ~ SLzCFg) and 
decomposition type ex{K/Q) = 8, fx{K/Q) = 7, gx{K/Q) = 9. Any Frobenius in 
Vx{K/Q) acts irreducibly on Ix{K/Q) ~ C| but reducibly on Ix{Ei/Q) ~ C|, so 
Ix{F/Q) ~ C| for the compositum F = EiK. Since = 504-16 = 8064, Table 

[5] implies that [L : F] < 58. Thus the dimensions of irreducible representations of 
SL2(F8) over ¥p for small p force the action of Gal(F/Fi) on the maximal abelian 
quotient of Gal(L/F) to be trivial. But no central extension of SL2(F8) is perfect 
[Asch|, IHBI] . Hence L is the compositum of F with a solvable extension of Ei . The 
ray class extension of Ei whose conductor divides A^, as A runs over the primes 
above 2 in Oei , turns out to be trivial, whence L = _F by Lemmas l5.6t i and l5.8l □ 

N = 127: We begin the solvable tower with Eq = E = Q{i,VT^) and find 
successive maximal abelian extensions Ej+i/Ej in L/Q. For ray class conductor 
(1 + iYOe, we have [Ei : E] =5. Thus Ei is the compositum of Q(i) and the 
Hilbert class field over Q(-\/— 127). Now eA(£'i/Q) = 2, so the ray class conductor 
of E2/E1 divides (1 + iYOei and we have Gal(£'2/-Ei) — C|. Moreover, any 
Frobenius in 'Dx{E2/Q) has irreducible action of order 5 on this ray class group. 
The decomposition type over 2 is exiE2/Q) = 32, /a(F2/Q) = 5, gx{E2/Q) = 2. 
The ray class conductor of E3/E2 divides J| A^, as A runs over the primes of 
above 2, but we do not know whether E3 = £'2- 

There is a subfield K of Q( Jo(127)[2]) with Gal(i4:/Q) ~ SL2(F8) and decompo- 
sition type exiK/Q) = 8, fx{K/Q) = 7, gxiK/Q) = 9. Any Frobenius in VxiK/Q) 
has irreducible action of order 7 onIx{K/Q) ~ Cf. For the compositum F = E2K, 
of degree 320 • 504 = 161280, we therefore have Ix{F/Q) ~ C| and so = m^. = 1 
by Lemma [5?6l By Remark [5.9i the root discriminant is qf ~ 2^^125 Vl27 « 44.834. 
Since this just exceeds the asymptotic bound Sne^ ~ 44.763, where 7 is Euler's 
constant j Od2j . we do not know whether [L : Q] is finite and thus it would be 
entertaining to find L. 

7. Some speculations 

Assume i \ N is prime. Let AB(A^) be the set of simple semistable abelian 
varieties A with Na\N and let Irr(£, N) be the set of irreducible semistable Fi[Giq]- 
modules V with A'^v'l-^j both taken up to isomorphism. 

Ql. Is AB(iV) finite? 
Q2. Is Irr(^, N) finite? 

Q3. Is log Na >> 5 log 5 as 5 = dim A 00? 
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Faltings' theorem answers Ql in the afhrmative if dim A is bounded in terms of 
Na- Mestre |Mesj shows that standard conjectures on Hasse-Weil L-fmrctions imply 
that dim A < .42 logNA, without assuming semistabihty or simphcity. Such strong 
modularity or even an answer to Q2 are equally unavailable. However, the negation 
of Ql violates one of the following two plausible assertions. 

N). The dimension of the composition factors of A[£] is bounded for A in 
AB{N). 

P2{i,N). The number of isomorphism classes of composition factors of A[£] of 
conductor 1 and Ff-dimension at least 2 is bounded for A in AB(Af). 

Prop. [62] asserts that P2{£,N) necessarily holds for small £. 

Proposition 7.1. Assume Pi{e, N) andP2{i,N). Then AB{N) is finite. 

Proof. We shall denote by (3i constants depending only on £ and N. Suppose A in 
AB(A^) is good at £. Write eo(A[£]) for the number of 1-dimensional constituents of 
A[£], &t{A) for the multiset of other irreducible constituents E and rriE = dimF^ E. 
Let &1{A) be the multiset of those E in &e{A) with conductor Ne — 1. We assume 
that THE < Pi and |6l(A)| < ^2 as A varies in AB(A^). We have 

(7.2) 2dimA^ dimA[£] ^ eo{A[£]) + ^ rn-E + mE- 

EeeliA) Ne>i 

We bound the last two sums by (3^ — /3i(/32 + ^{Na)), where ~ ^pOrdp(n). 
Theorem 5.3 of pK2) implies that 

eoiA[£]) < 2n{NA) + ^ Sa{E), 

where Sa{E) is bounded in terms of N, £ and the strict class number He of F ~ 
Q{E), thanks to [BK2[ 4.3.8, 4.3.13, 4.4.1]. If m = dim^;, then n ^ [F : Q] < 
|GLm(F£)| < £™' . Hence the discriminant of F satisfies log|(ii?/Q| < n(21og£ + 
\og Ne) by (|6.ip . An upper bound on the residue of the zeta function jLou] and 
a lower bound on the regulator |Sko| show that Iie < (34- Thus 6a{E) < (3^ and 
eoiA[£]) < 2n{NA) + ^5(^2 + n{NA)). □ 

Proposition 7.3 (GRH). If N < 15683 is odd and squarefree, then dimV^ is 
bounded for V in 1it{N,2) and AB{N) is finite. 

Proof Prop. restricts the group G = Gal(Q(V)/Q) and Cor. \^JU[ [HID esti- 
mate the discriminant of a stem field K. If dim V is bounded, then the finiteness 
of AB(A^) ensues from Prop, mi Otherwise the root discriminants qk have an as- 
ymptotic upper bound of 4iV^/^ and a lower bound of Sire'' and so > 15683. □ 

Remark 7.4. Unconditionally, if N is squarefree, V is in Irr(A^, 2) and 

2dimF + l > max(7, 3.06 log A^), 

then G = Gal{Q{V)/Q) can only be Q or Q;52 with Q = 0±(^^), Sp{V) or SL{V). 
Otherwise, G ~ S„i or Sm I S2 , with m ~ 2 dim V +1 or 2 dim ^ + 2 , as in Rem. 12.61 
By Cor. 13. lit , the root discriminant of a stem field for Q{V) is at most 4Af^/™, 
while it is at least 5.548 when m > 7 by |DyD| . 
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